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1 Introduction
The dynamics of three-dimensional continuous systems can adequately be realized in the
Frenet-Serret coordinate system having a normalized basis. The latter has the geometric
interpretation of a generic three-dimensional moving curve with torsion and curvature.
This correlates the original dynamical parameters to spatial geometry, providing an
elegant formulation. The Hasimoto map [1],
q(s, u) = κ(s, u) exp
{
i
∫ s
−∞
τ(s′, u)ds′
}
, (1)
further relates these geometric parameters to a complex amplitude function q(s, u) lead-
ing to second-order differential equations of the NLS type. Here s and u are respective
space and time parameters of the Frenet-Serret space having curvature κ and torsion τ .
In addition to various continuous ones some discrete physical systems can also posses
such continuum descriptions through the Frenet-Serret representation subjected to suit-
able approximations such as long wavelength and perturbative limits. We consider two
such systems of very distinct physical origins and identify them as non-holonomic defor-
mations (NHD) [2, 3] of the standard NLS system across the Hasimoto map. A NHD is
obtained specifically by deforming an integrable system without hampering its scatter-
ing profile, thereby necessarily imposing certain additional constraints on the extended
system [3]. If the final system remains integrable the deformation is sub-classified as
semiholonomic [2], which is the case for one of the systems under consideration. It is
found that a definite class of such deformed NLS equations corresponds to the particular
systems under consideration.
As the first system we consider the Heisenberg system of N interacting spin-1/2
fermions in one dimension described in the 2N dimensional product space N = ⊗Nj=1 hj ,
where hjs are two-dimensional vector spaces over C. The standard basis for hjs are
e+j = (1 0)
T and e−j = (0 1)
T , spanned by the Pauli matrices σx,y,z. The corresponding
Heisenberg Hamiltonian is given by [4],
H = −1
2
N∑
j=1
(
Jxσ
x
j σ
x
j+1 + Jyσ
y
j σ
y
j+1 + Jzσ
z
jσ
z
j+1
)
,
representing nearest neighbor interaction between on-site spins Si = kˆσki with Jx,y,z being
real constants. For Jx = Jy = Jz = J this Hamiltonian reduces to the XXX Hamiltonian
H = −(J/2)∑Ni=1 Si · Si+1 up to a constant, with isotropic interaction strength J . Here,
Si · Si+1 = σi · σi+1. The sign of J represents the corresponding magnetic orientation.
The anisotropy in the internal SU(2) spin sub-space leads to XXZ or XYZ models.
Under the continuum limit limit of vanishing lattice constant a → 0 and normalization
Ja2 = 1 [5], The equation of motion (EOM) Si,u = JSi ×
∑i+1
j=i−1 Sj (~ = 1) for the
XXX system reduces to a semi-classical one [6]:
tu = t× tss, (2)
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that parameterizes a moving curve in R3. The Frenet-Serret representation is invoked
through the tangent unit vector t(u, s) that doubles as the continuum limit of Si. Sub-
sequently, a Hasimoto map (Eq. 1) leads to the standard NLS system [6]:
qu − iqss − 2iη|q|2q = 0, (3)
having energy and momentum densities κ2 and κ2τ .
In fact, Hasimoto originally obtained the NLS system as a continuum limit of a
moving vortex filament described by Eq. 2 [1], the latter corresponding to the XXX
HSC, with a one-to-one correspondence between respective soliton solutions [6]. As a
generalization, the inhomogeneous XXX model (J → Ji) was similarly mapped to an
integrodifferential modification of the NLS system [7, 8] which was shown to be integrable
[9] with a geometric interpretation [10]. Therefore, the proposed NHD relating the NLS
system to this integrodifferential generalization is a semiholonomic one [2].
The second system under consideration corresponds to a thin vortex filament moving
in a binary mixture of superfluid 4He and a classical fluid with a velocity v. In 1956,
Hall and Vinen [11, 12] developed a coarse-grained hydrodynamic equation capable of
describing a superfluid having a continuously distributed vorticity. Their equations are
valid only if the typical length scale of the problem is much larger than the inter-vortex
spacing. Later, Bekarevich and Khalatnikov [13] presented a more elaborated version of
these equations which is now known as the Hall-Vinen-Bekarevich-Khalatnikov (HVBK)
equation:
v = κt× n+ αt× (U − κt× n)− α′t× [t× (U − κt× n)] ,
with dimensionless normal velocity v, local curvature κ and dimensionless small friction
coefficients α, α′. The Hasimoto type formulation of this problem was given by Shiva-
moggi [14], coined as quantum Hasimoto map.
Thus the moving curve described by Eq. 2 can be generalized to a quantized thin vor-
tex filament in a superfluid medium [15], given by an equation under the local induction
approximation (LIA) which is accompanied by friction at finite temperature, rendering
it non-integrable. This, along with the inhomogeneous XXX system, represents two
integrodifferential NLS generalizations obtained from motion of generic Frenet-Serret
curves through the Hasimoto map. In this work, we show that both these extended
NLS systems can be realized as particular restricted non-holonomic deformations of the
standard NLS system with generic parameterizations. In fact, this is the key feature
of the paper which has been overlooked till now. The XXX model corresponds to a
NHD confined to a very specific spectral region containing all possible contributions to
modification of the dynamics. Further, there is always an additional amplitude-phase
correlation represented by the constraint itself, as a strong semi-Classical signature.
In the following, the NHDs of the NLS system leading to those describing inhomo-
geneous XXX model and quantum vortex filament in superfluid at finite temperature
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are discussed in Section 2. Section 3 depicts the spectral restriction for the validity of
such deformations, followed by the observation of the semi-Classical nature therein. We
conclude in section 4, emphasizing on the possible introduction of SU(2) anisotropy,
along with possible extension of the present procedure to a larger class of systems.
2 Extended dynamical Systems as Specific NHDs
of NLS Systems
The NHD of an integrable system is achieved through perturbation by virtue of addi-
tional constraints [2]. The constraints can modify existing terms in or introduce new
ones in the dynamical equation. Mathematically, such deformations are introduced by
exclusively modifying the temporal component B(λ) of the Lax pair in order to keep
the scattering data unchanged [3], although the temporal evolution gets modified. In
some cases integrability is preserved which are known as semiholonomic deformations [2].
They correspond to a certain form of self-consistent source equation pertaining to the
original integrability property. Retainment of integrability requires the non-holonomic
constraints to be affine in the velocities so that the deformed dynamical equation does
not have explicit velocity dependence and thereby integrable. Deforming the temporal
Lax component serves this purpose as in absence of its time-derivative in the flatness
condition, particular cases can retain velocity independent dynamics in accordance with
Ref. [2]. Of course in other cases of NHD with a generic modification to B(λ), non-
integrability results starting from an integrable system. We will consider one example
of each of these two cases with the same undeformed integrable origin, the NLS system.
In general, higher derivative hierarchies arise as a natural outcome of these deforma-
tions, either through recursive higher order constraints while keeping the order of the
perturbed system same, or by fixing the constraints in the lowest order and thereby
increasing the differential order of the original equation itself. If they correspond to a
semiholonomic structure, these hierarchies are integrable too.
In this section, we demonstrate that the integrodifferential continuum representations
of two different dynamical systems, obtained through Hasimoto map, can be viewed as
specific NHDs of a generalized NLS family. Namely, we consider the NLS-like continuum
limits of inhomogeneous Heisenberg spin chain [8, 9] and the local induction approxima-
tion (LIA) of a moving thin vortex filament [15], with the prior retaining integrability
over the deformation. It is found that such systems are characterized by deformations
restricted to particular spectral domains, with additional semi-Classical characteristics
(i. e., quantum signature of the discrete analogue).
2.1 Inhomogeneous XXX Model as a NHD of NLS System
To discuss the NHD of NLS system we consider the following representation of the
generalized NLS Lax pair [16]:
A = −iλσ3 + ρ∗q∗σ+ + ρqσ− and
4
B = i
(
2λ2 − η|q|2)σ3 − (2λρ∗q∗ + iρ∗q∗x)σ+
− (2λρq − iρqx)σ−, (4)
in the sl(2) representation built on SU(2) algebra: [σ3, σ±] = ±2σ±, [σ+, σ−] = σ3. The
usual NLS system (Eq. 3) is obtained from the zero curvature condition (ZCC):
Ftx = At −Bx + [A,B] = 0.
Here η = −|ρ|2 for consistency following O (λ0) contribution to the ZCC. The O (λ)
sector of the ZCC necessitates ρ (thus η also) to be a constant. Therefore local coef-
ficients are not allowed by the integrability structure itself and thereby the prohibits
inhomogeneity.
In order to invoke a more generalized NLS system with local coefficients that can
represent the inhomogeneous XXX model in the continuous limit, it is therefore natural
to adopt a NHD. This makes sense as NHD can effect modified time-evolution that allows
for compensating space evolution maintaining integrability and preserving the scattering
data. For this purpose we consider the discrete inhomogeneous XXX Heisenberg spin
chain:
H ′ = −
∑
i
ρiSi · Si+1, (5)
with on-site ferromagnetic parameter ρi. It has already been shown [8] that the contin-
uum limit of this system is an integrodifferential generalization of the NLS system:
qt − i (ρq)xx − 2iρq|q|2 − 2iq
∫ x
−∞
ρx′ |q|2dx′ = 0. (6)
The integrability of this system was established through an extended inverse-scattering
analysis to incorporate x-dependence of the coupling coefficient ρ(x) by Balakrishnan
[9]. Therein, explicit soliton solutions are obtained for a wide class of functions as
ρ(x) referring to inhomogeneous physical interactions that further included generalized
Gelfand-Levitan equation. Except for the last integrodifferential term, the above equa-
tion resembles with a focusing type of NLS system, represented by Eq. 31. Therefore it is
reasonable to expect that the above integrable equation is a particular NHD of the usual
NLS system. It makes additional sense since the target equation has local parameters
not allowed in the standard NLS Lax pair as per the ZCC, a condition most likely to be
relaxed by introducing deformation parameters.
We perform NHD of the standard NLS system through introducing the following
perturbation in the temporal Lax component as:
1The defocusing case corresponds to substituting q∗ = −q∗ in the Lax pair of Eq. 4, changing the sign of the
nonlinear term in the NLS equation. Though both focusing and defocusing NLS systems are integrable with
distinct solution spaces, only the focusing-type inhomogeneous ‘extension’ corresponds to the inhomogeneous
XXX model and is known to be integrable [9].
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B → B′ = B + δB,
δB =
i
2
[f3σ3 + f+σ+ + f−σ−] , (7)
with local, time-dependent parameters f±,3 accompanied by generalizations η = η(x, t)
and ρ = ρ(x, t). Then the ZCC, with temporal Lax component B′, leads to independent
equations corresponding to each linearly independent SU(2) generator. The O (λ0)
contributions are:
σ+ : ρ
∗ (q∗t + iq∗xx + 2iη|q|2q∗)+ iρ∗xq∗x + ρ∗t q∗
− i
2
(f+,x + 2ρ
∗q∗f3) = 0,
σ− : ρ
(
qt − iqxx − 2iη|q|2q
)− iρxqx + ρtq
− i
2
(f−,x − 2ρqf3) = 0,
σ3 :
(
η|q|2)
x
+ |ρ|2|q|2x
−1
2
(f3,x + ρqf+ − ρ∗q∗f−) = 0, (8)
The spectral order of the perturbation, which is also λ0 in this case, is of crucial impor-
tance which will be elaborated later. At O (λ1) of the ZCC we get:
σ+ : ρ
∗
xq
∗ +
1
2
f+ = 0 and
σ− : ρxq − 1
2
f− = 0. (9)
It is easy to see that without f± (standard NLS system), the parameter ρ becomes
space-independent (usual NLS case). As f± get fixed by the above equations, from the
last of Eq.s 8:
f3 = 2
(
η + |ρ|2) |q|2 + T (t), (10)
where T (t) is the space-integration constant that has pure time-dependence. Therefore
from Eq.s 9 and 10 all three deformation parameters get fixed, finally leading to the
deformed system,
ipt + pxx − 2p|p|2 = 2T (t)p, p = ρq. (11)
This essentially is the defocusing NLS system. The time-dependent source term, which
is a trivial integration constant, can be set equal to zero. It is evident that although ρ
can still be time-dependent for f± = 0, the overall scaling q → p = ρq does not allow
any time-dependent interaction, thereby preserving integrability. However, the above
system is not the desired one (Eq. 6) and there is no additional higher-order constraint
6
equation signifying NHD. Essentially an NHD only of O (λ0) will always have deforma-
tion parameters f3,± completely determined in terms of undeformed parameters (q, ρ
and η).This leaves no room for additional constraint dynamics and only a system similar
to the undeformed one is obtained. The dynamical variable merely attains local scaling
while the nonlinear coupling parameter gets scaled to unity.
To obtain the desired equation one needs to go beyond O (λ0) in NHD. The NLS
system is obtained from the Lax pair of Eq.s 4 at O (λ0) with additional conditions
coming from O (λ1). Thus the only substantial contribution can come from additional
NHDs up to O (λ−1,1). Among them a O (λ1) deformation of the form δB = λgiσi, i =
3,± would lead only to,
ipt + pxx + 2p|p|2 = 2T (t)p− i
2
G(t)px, (12)
with time-dependent source term, again with no constraints. This particular deforma-
tion would contribute at O (λ1,2), with the O (λ2) sector devoid of original parameters
(q, ρ, η), thereby severely restricting this particular deformation. The above system is
different from the previous one, with the second source term G(t) being the O (λ1)
deformation parameter which is free. However still no integrodifferential modification
possible with such a temporal deformation.
The desired result is finally obtained for an O (λ0,−1) deformation:
δB =
i
2
(
fi + λ
−1hi
)
σi, i = 3,±. (13)
Unlike the O (λ) case, now the O (λ−1) contribution directly modifies the EOM as,
σ+ : ρ
∗ (q∗t + iq∗xx + 2iη|q|2q∗)+ iρ∗xq∗x + ρ∗t q∗
− i
2
(f+,x + 2ρ
∗q∗f3) = −h+,
σ− : ρ
(
qt − iqxx − 2iη|q|2q
)− iρxqx + ρtq
− i
2
(f−,x − 2ρqf3) = h−,
σ3 :
(
η|q|2)
x
+ |ρ|2|q|2x
−1
2
(f3,x + ρqf+ − ρ∗q∗f−) = 0, (14)
at O (λ0). The O (λ1) sector remains same as Eq.s 9. The new contributions appear at
O (λ−1) as,
h3,x = ρ
∗q∗h− − ρqh+, h+,x = −2ρ∗q∗h3
and h−,x = 2ρqh3, (15)
Thus hi are mutually constrained and h3 appears only in these constraint equations.
Moreover, the EOMs impose that h− = −h∗+. Thus the inhomogeneous source terms h±
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can be fixed through defining h3 judiciously. Assuming this very case, h± can suitably
be chosen as:
h− = {(ρ− 1)q}t + 2i(1 + |ρ|2)ρq|q|2
+iρqT (t) + 2iq
∫ x
−∞
ρx′ |q|2dx′ ≡ −h∗+. (16)
to yield the desired result of Eq. 6 as,
qt − i (ρq)xx − 2iρq|q|2 − 2iq
∫ x
−∞
ρx′ |q|2dx′ = 0. (17)
The fact that Eq. 6 is integrable [9] instantly testify the present deformation to be
semiholonomic [2]. This is further indicated by the fact that although trivial, the time-
dependent factor T (t) is removed from the EOM through the choice in Eq. 16. As a
formal validation, the third deformation parameter can now be obtained as:
2ρqh3 = {(ρ− 1)q}xt + 2i
{(
1 + |ρ|2) ρq|q|2}
x
+ i(ρq)xT (t)
+2iqρx|q|2 + 2iqx
∫ x
−∞
ρx′ |q|2dx′. (18)
The corresponding constraint is inferred by re-combining Eq.s 15 as,
h3,xx = 4|p|2h3 + p∗xh− − pxh+, p = ρq, (19)
which is clearly fourth order in derivatives. This is characteristic of NHD with the con-
straint being of higher order in derivatives than the EOM, restricting only the solution-
space but not the dynamics.
The O (λ0) deformation (f3,±) is necessary for maintaining Eq.s 9 in order to keep the
original parameter ρ local, which cannot be obtained otherwise. The last deformation
is the only possible NHD leading to the desired result and for that fact to have any
non-trivial local modification of the NLS system. This aspect will be discussed in detail
in the next section.
2.2 Quantum Vortex Filament with Friction as a NHD of
NLS System
Now we consider an example of a non-integrable integrodifferential equation realized
as generic NHD of the NLS system, which also corresponds to a physical system. On
considering the frictional force exerted by the normal fluid (or quasi-particles) on a
scattering vortex line, its self-advection velocity is given by the HVBK equation [17]:
v = κt× n+ αt× (U − κt× n)
−α′t× [t× (U − κt× n)] , (20)
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according to the LIA. In the adopted Frenet-Serret basis U is the normal fluid velocity,
v is the filament velocity and n is the unit normal to the filament with tangent t. Here,
(α, α′) are dimensionless friction coefficients. This equation, through a Hasimoto map
(Eq. 1), is mapped to the extended NLS-type system [15]:
qt = iA(t)q +
{
i(1− α′) + α} qxx +{ i
2
(1− α′)− α
}
q|q|2
−α
2
q
∫ x
0
(qq∗x′ − q∗qx′) dx′, (21)
with drag coefficient A(t). This equation possesses Stokes wave solution with expected
decay. The present system is naturally non-integrable owing to the explicit time depen-
dence and thus found to be a generic NHD (not semiholonomic) of the NLS system in
the following.
In order to realize the above system as a NHD of NLS systems, we can take queues
from the inhomogeneous HSC. Since there is no local parameter other than the dynamical
variable q in the present case, the O (λ0) part of the NHD is reduced only to (i/2)f3σ3
as f± = 0 following Eq. 9. The dynamical equation (the second of Eq.s 14) then takes
the simpler form,
qt − iqxx+ 2i|ρ|2q|q|2 + iT (t)q = h−
ρ
, (22)
where ρ is a complex number. Then subjected to the choice,
h− = ρ
[
2i|ρ|2 + i
2
(1− α′)− α
]
q|q|2
−α
2
ρq
∫ x
0
(
qq∗y − q∗qy
)
dy ≡ −h∗+, (23)
aided by the coordinate re-scaling,
x→ (i− iα′ + α)−1/2 x, (24)
the identification T (t) = −A(t) yields the desired result (Eq. 21). As seen in the case
of inhomogeneous HSC, NHD of O (λ0,−1) suffices for the present system also, being
derived from the same NLS system. This spectral bound property will be elaborated in
the next section.
It is clear that if one starts with local coupling parameters in the parent NLS sys-
tem, the corresponding NHD variables will become more extensive. A straight-forward
derivation in this line, with f± 6= 0, leads to the dynamical equation,
pt − ipxx + 2ip|p|2 + ipT (t) = h−, p = ρq (25)
To obtain Eq. 21, the required choice of parameter is,
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h− = (p− q)t −
[
p− {α+ i(1− α′)}q]
xx
+ 2ip|p|2
+
[
i
2
(1− α′) + pT (t)− α
]
q|q|2 + ipT (t) + iqA(t)
−α
2
ρq
∫ x
0
(
qq∗y − q∗qy
)
dy. (26)
The constant coupling parameters in Eq. 21 make it possible to cast it as the NHD of NLS
systems with both constant and local coupling parameters, unlike the inhomogeneous
HSC case. As a pointer, the above NHD effectively amounts to identifying T (t) = −A(t)
as the drag itself, symbolizing non-integrability.
A particular duality: Considering the most general NHD at O (λ0) with local
deformation parameters f3,±, from Eq.s 11 and 25 it is evident that the system goes
through a local scaling q → p = ρq with ρ = ρ(x, t) in general. Thus ‘localization’ of the
coupling parameter puts it on the same footing as the dynamical variable, i. e., ρ(x, t)
and q(x, t) could trade places. This essentially is a general property of localization of NLS
parameters starting with the Lax pair construction (Eq.s 4). Therefore an NLS system
having a local coupling, which can experimentally be realizable, always corresponds to
a dual NLS system made of the coupling parameter itself, with q(x, t) assuming the
role of corresponding coupling. This additionally implies that both continuum cases
of inhomogeneous HSC and vortex filament with drag can be thought as products of
deformation of any one of these sectors, so as any other NHD of the localized NLS
system. This aspect will be studied elsewhere.
3 Properties of NHD of NLS system
The NHD of NLS system displays generic properties owing to both spectral algebra
of the integrability structure and generic localization of the coupling parameter. Here
we discuss two important ones among them. Noticeably, a local NLS coupling can
only be achieved by considering a generic O (λ0) NHD, or by extending the Lax pair
itself to include that particular NHD. As a result, from the perspective of all possible
NHDs, a generic analytical structure emerges with coupling-localization signifying the
semi-classical aspect.
3.1 The spectral bound
As mentioned previously the spectral order of perturbation δB crucially effects the de-
sired localization of coupling parameters (ρ, η). We now demonstrate that the NHDs
leading to Eq. 6 are restricted to a very specific range of spectral parameter powers
which is in one-to-one correspondence with the NHD of HSC itself. The example of
XXX model is considered for this demonstration as the integrability structure of this
parent system is also well-understood.
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In the continuum sector (subsection 2.1) only O (λ0,−1) deformations can lead to the
desired result. Among them the O (λ0) deformation keeps the parameters (ρ, η) local
at O (λ1) sector of ZCC, whereas the O (λ−1) deformation allows free local variables
at O (λ−1) sector of the same. The desired deformed EOM is obtained in the O (λ0)
sector of the ZCC. Since the ZCC for pure NLS system itself is limited within O (λ0,1)
the above s the only combination yielding the desired result. Any other deformation of
O (λn<−1) or O (λn>0) will not contribute.
To see that a corresponding spectral restriction on NHD exists also in the discrete ana-
logue, i. e. in case of HSC, let us consider the semi-Classical limit of the corresponding
EOM,
St =
1
2i
[S, Sxx] . (27)
Here S = tiσi, i = 1, 2, 3 is the matrix representation of the semi-classical spin vector t
in the SU(2) subspace {σi}. This system is solvable, having the corresponding Lax pair
[4, 18]:
U = iλS, V = 2iλ2S − λSxS, S2 = I, (28)
that ensures integrability through the ZCC: Ftx = Ut − Vx + [U, V ] = 0.
For a general NHD manifested by deforming the temporal Lax component,
V → Vd = V + δV, δV = i
2
∑
n
λnα(n) · σ, n ∈ I, (29)
with coefficients α
(n)
i are coefficients, the deformed EOM is obtained as:
St =
1
2i
[S, Sxx] +
1
2
Λ(1)x − i
[
S,Λ(0)
]
,
Λ(n) := α(n) · σ. (30)
Only the O (λ0,1) deformations contribute to the EOM. Modulo the common factor of
λ in the Lax pair in Eq. 28, this contribution is confined to O (λ0,−1), identical to the
continuum analogue (NLS) over the Hasimoto map. For all n 6= 0, 1, generic recursive
constraints of the form,
Λ(n)s − i
[
S,Λ(n−1)
]
= 0, (31)
are obtained. Therefore there is a bound in the spectral hierarchy about n ∈ (0, 1) (or
n ∈ (−1, 0)) that exclusively contributes to the NHD, both in the discrete case and also
in the continuum limit. This in turn identifies the NHD of Eq.s 13 and 15 to be the only
possible one yielding the desired result in Eq. 6. From the last section, this is also true
in case of vortex filament motion with drag.
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3.2 The semi-Classical nature
The implication of generalizing the NLS system to incorporate inhomogeneity by localiz-
ing the coupling parameter is reflected in the unique condition Eq. 19 absent otherwise.
This may be identified as a semi-Classical signature that an inhomogeneous discrete
system would display in the continuum limit as a result of quantum coherence among
individual spins. As a result phase and amplitude of the solution q get correlated beyond
the EOM.
To isolate localization of coupling as the cause of this semi-Classical character, we
consider a system without NHD. It implicates ρ = ρ(t) from Eq. 9 as f3,± = 0. Then
the last of Eq.s 8 identify η(x, t) = −|ρ|2 ≡ η(t). This is the most general implication
of the Lax construction (Eq.s 4) allowing for a time-dependent coupling. Although no
more integrable it would correspond to a time-dependent ferromagnetic parameter in
the HSC2. The corresponding dynamics that finally arises,
pt − ipxx + 2ip|p|2 = 0, p = ρq, (32)
is of the defocusing NLS type with unit coupling. In general, such time-dependence may
correspond to some additional dynamics of the Frenet-Serret curve in the similar sense
of drag, observed for the vortex filament in the last section.
Essentially in this most general undeformed NLS equation, the phase and amplitude
of the complex solution q = |q|iθ are related only through the EOM. This is confirmed by
the re-appearance of NLS dynamics with a scaled variable. A HSC with time-dependent
ferromagnetic parameter still maintains its Classical nature since the corresponding con-
tinuum limit still represents a spatially extended object. Unless the coupling is made
spatially local (inhomogeneous), semi-Classical signature cannot be expected. This is
not the case for Eq. 7 leading to the scaled defocusing case of Eq. 11.
The NLS coupling is made local through the additional constraint of Eq. 19 which
is a fourth-order differential equation beyond the dynamics of Eq. 6. As the deformed
system is integrable [8] the exact solutions in the space of functions are now restricted
by this constraint. This is the extra phase-amplitude correspondence. Additional NHDs
will further restrict this sector through even higher constraints, forming a hierarchy
[3]. The presently constrained subspace physically incorporates semi-Classical dynam-
ics. The explicit expression of Eq. 19 in terms of θ and |q| is straightforward to obtain,
but is tediously long to express here.
The corresponding condition for vortex filament motion with drag is given by Eq. 25,
through the general constraint structure of Eq. 19. Similar to continuum inhomogeneous
HSC, the exact equation will look tediously long. This system embodies additional local
2Such a time-dependent HSC may define a spin density wave or a spin chain under time-varying magnetic
field. The continuum NLS analogue then would imply gradual change from strong to weak coupling and vice
versa, which is experimentally realized through Feshbach resonance. This could be the mechanism depicted
by the ‘new’ NLS Eq. 11 of unit coupling, obtained through restricted NHD of Eq. 7.
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dynamics in the Frenet-Serret representation itself [15, 17].
Therefore the introduction of spatial locality to the NLS coupling constant invokes
semi-Classical behavior, manifesting as additional phase-amplitude coupling. The par-
ticular form of the same is determined by the non-holonomic constraints that impose
the desired integrodifferential generalization of the NLS system.
4 Conclusion and Further Possibilities
The Hasimoto analogues of continuum inhomogeneous XXX HSC and quantum vortex
filament with drag are shown to be two particular non-holonomic NLS systems. This
identification is exclusive to a particular spectral range λ0,−1 representing a spectral
bound. Such deformations can also be interpreted in the corresponding Frenet-Serret
manifold, yielding additional amplitude-phase correspondence with semi-Classical nature
that owes to localization effects. The usual NLS system is inherently ‘Classical’ being
a mean-field description of homogeneous XXX model and vortex filament without drag.
Their precise NHDs are further characterized by the integrability of the inhomogeneous
HSC (semiholonomic) and non-conservativeness of the filament-drag case. The exact
form of these deformations are strictly subjected to the fourth-order constraint equations
of Eq. 19. We leave the investigation of such exact solutions to the recent future.
It is natural to ask if more general spin systems could correspond to non-holonomic
differential equations. The immediate candidates for this are XXZ/XYZ spin chains,
with additional anisotropy in the SU(2) subspace:
H = −J
N∑
i=1
3∑
a=1
[
ζaSai · Sai+1
]
. (33)
The XXZ system corresponds to ζ1 = ζ2 6= ζ3, whereas ζ1 6= ζ2 6= ζ3 results in the XYZ
model. One can subsequently construct:
S =
(
ζ3t3 ζ
1t1 − iζ2t2
ζ1t1 + iζ
2t2 −ζ3t3
)
≡
3∑
i=1
Tiσi,
Ti = ζ
iti, (34)
with T being the Frenet-Serret tangent having an additional constraint in ζis. Then the
above procedure of NHD will go through owing to the decoupled structure M = R ⊗
SU(2) of the complete vector space. However as a down-side this persistent anisotropy
prohibits the usual Hasimoto map. Possibly more complicated Frenet-Serret curves
may represent the semi-Classical limits of such systems. In a wider sense a general
class of discrete-to-continuous correspondence can possibly be obtained, including vortex
filament motion with drag, resulting in a different class of NHDs through the Hasimoto
map. We leave such attempts for the future.
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ID-NLS{KdV}
I-XXX
NLS
XXZ
Inhomogeneity
<-------?-------->Hasimoto
Anisotropy
NHDSchneider
Bethe Hasimoto
Figure 1: Schematics of different HSCs corresponding to continuum integrable systems. Here
I-XXX stands for inhomogeneous XXX and ID-NLS for integrodifferential NLS systems. The
right half represents the present results, whereas the left half summarizes the possibilities
regarding anisotropic generalizations. {KdV} includes quantum (modified) KdV systems. The
possible connection between Hasimoto map and Bethe ansatz is represented by the dashed
line.
An indirect approach for anisotropic HSC systems could exploit the weak correspon-
dence between NLS and KdV systems through the Schneider map [21, 22]. A generaliza-
tion in the KdV side to incorporate the inhomogeneity in Eq. 6 may serve the purpose
as these two systems also mutually complement over quasi-integrable deformations [23].
Further, as the Bethe Ansatz for the quantum (modified) KdV equation [24, 25, 26] is
a continuum limit of the XXZ model [22], the proposed generalized Hasimoto map may
lead not to NLS, but to the KdV system. Then the particular Bethe Ansatz could be
related to the Hasimoto map. A schematic representation of this scheme is given in Fig.
1.
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